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Ž5 5. dA radial positive definite function w ? on R which is 2k times differentiable
wŽ . xat zero has 2k q d y 1 r2 continuous derivatives away from zero, and the
Ž i¤ .Ž . < Ž . < 2 Ž .estimate is sharp. Furthermore, w 0 G 3d w0 0 r d q 2 if the derivatives
exist; this proves a conjecture of Paul Switzer and has implications on the
smoothness of isotropic random fields and their local averages. The techniques
used have evolved in geostatistics, and side results refer to Matheron's turning
bands operator and the montee. Q 1999 Academic PressÂ
1. INTRODUCTION AND STATEMENT OF RESULTS
The real-valued function f defined on the d-dimensional Euclidean
space R d is positi¤e definite if the matrix
n
f x y xŽ .Ž .i j i , js1
is nonnegative definite for all finite systems of points x , . . . , x in R d. It is1 n
Ž . Ž5 5. d w .radial or isotropic if f x s w x , x g R , for some function w : 0, ‘ “
5 5 dR and ? the Euclidean norm on R . Radial positive definite functions
have been studied in probability theory, statistics, and approximation
theory, where they occur as the characteristic functions of spherically
w xsymmetric random vectors 3 , as the correlation functions of stationary
w xand isotropic random fields 17, Section 22.1 and 22.2; 4 , and as the radial
w xbasis functions in scattered data interpolation 9, 2 .
The characterization of radial positive definite functions is a classical
w xresult due to Schoenberg 11 . Let F denote the class of all continuousd
w . Ž . Ž . Ž5 5.functions w : 0, ‘ “ R which are such that w 0 s 1 and f x s w x is
positive definite as a function on R d. We can then identify F with thed
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class of characteristic functions of spherically symmetric, d-variate random
vectors, or with the class of correlation functions of mean-square continu-
ous, stationary and isotropic random fields on R d. The classes F ared
nonincreasing in d, and w is an element of F if and only ifd
Ž .dy2 r22
w t s G dr2 J rt dF r ; 1Ž . Ž . Ž . Ž . Ž .H Ždy2.r2ž /rtw .0, ‘
here J is a Bessel function and F stands for a probability measure on
w . wŽ . x0, ‘ . It follows easily that members of F have d y 1 r2 continuousd
Ž . w xderivatives on 0, ‘ , where x is the greatest integer less than or equal to
w xx 11, Lemma 4 . It is also well known that if k is a nonnegative integer
and w g F is 2k times differentiable at zero, then w has 2k continuousd
Ž . w xderivatives on 0, ‘ 17, p. 66; 4, Theorem 2.13 . By saying that w is 2k
times differentiable at zero, we clearly mean that its even continuation
Ž < <.w t , t g R, has 2k derivatives at t s 0. This interpretation will be valid
throughout the article.
THEOREM 1. Let k be a nonnegati¤e integer, and suppose w g F is 2kd
wŽ . xtimes differentiable at zero. Then w has 2k q d y 1 r2 continuous deri¤a-
Ž .ti¤es on 0, ‘ .
Theorem 1 combines and extends the previously known results on the
smoothness of radial positive definite functions. Furthermore, it is the best
possible under the given assumptions. Section 2 recalls Matheron's turning
bands operator and the montee; these concepts originate in geostatisticsÂ
and will be needed in our proofs. In Section 3, we demonstrate Theorem 1
and construct compactly supported elements of F which have 2k contin-d
wŽuous derivatives at zero, but for which the derivative of order 2k q d y
. x1 r2 q 1 is discontinuous at the boundary of the support.
THEOREM 2. Suppose w g F is four times differentiable at zero. Thend
3d 2Ž i¤ . < <w 0 G w0 0 2Ž . Ž . Ž .
d q 2
Ž .with equality if and only if the probability measure F in the representation 1 is
a point measure.
w xThis proves a conjecture of Switzer 13 and relates to smoothness
measures for stationary and isotropic random fields. Section 4 provides the
proof of Theorem 2 and background material on random fields. Again, we
will refer to Section 2.
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2. MATHERON'S TURNING BANDS OPERATOR
ÂAND THE MONTEE
Here we provide the basic tools needed in the sequel. These have
evolved in Matheron's seminal work in geostatistics and include the turning
w x w xbands operator 7, Section 5; 8 and the montee 6, Chapters 1 and 2; 7 .Â
Ž .For each d, Schoenberg's representation 1 defines a bijection between
w . w x 1F and the class of probability measures on 0, ‘ 3, Section 2.3 . Let usd
now fix some probability measure F and consider the corresponding
Ž .members w , d G 1, given by Eq. 1 , of the classes F , d G 1. Thed d
bijection from F to F , which associates w with w is called the turningd d9 d d9
w xbands operator 8 ; here, d and d9 are arbitrary positive integers. Specifi-
Ž .cally, if d9 s d y 2 G 1, Schoenberg's representation 1 , his arguments in
w xthe proof of Lemma 4 11, pp. 822]823 , and the recurrence relations
Ž . w x9.1.27 of Abramowitz and Stegun 1 lead to the explicit formula
t
Xw t s w t q w t ; 3Ž . Ž . Ž . Ž .dy2 d dd y 2
and the inverse operator is given by
d y 2 t dy3w t s u w u du 4Ž . Ž . Ž .Hd dy2dy2t 0
w x7, p. 21 . Furthermore, the following useful equivalence holds.
LEMMA 3. Let k be a nonnegati¤e integer. Suppose the functions w g F ,d d
d s 1, 2, . . . , are associated by the turning bands operator, and F is the
Ž .probability measure in the representation 1 . Then the following statements are
equi¤alent:
Ž . Ž2 k .Ž .i w 0 exists for some d.d
Ž .ii F has a finite moment of order 2k.
Ž . Ž2 j.Ž .iii w 0 exists for d s 1, 2, . . . , and j s 0,1, . . . , k, andd
G dr2 G 1r2 q jŽ . Ž .jŽ2 j. 2 jw 0 s y1 r dF r . 5Ž . Ž . Ž . Ž .Hd G 1r2 G dr2 q jŽ . Ž . w .0, ‘
Proof. It is convenient here to use the terminology of random vectors
Ž .and associated characteristic functions. Suppose i holds for some d G 1
Ž .and k G 0, and X s X , . . . , X 9 is the spherically symmetric random1 d
Ž5 5. Ž . dvector with characteristic function w x , x s x , . . . , x 9 g R . Thed 1 d
1 w xNote that Fang et al. 3, p. 29 use a similar but different definition of the class F .d
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Ž .representation 1 means that X has the same distribution as the indepen-
dent product RU, where R is a nonnegative random variable with distribu-
Ž .tion F and U s U , . . . , U 9 is uniformly distributed on the unit sphere1 d
d w x Ž2 k .Ž .surface in R 3, p. 30 . Since w 0 exists, w has 2k continuousd d
Ž . w x Ž5 5.derivatives on 0, ‘ 4, Theorem 2.13 , and the radial function w x hasd
a continuous partial derivative of order 2k with respect to x . Evaluated at1
d Ž2 k .Ž .the coordinate origin of R , the partial derivative is equal to w 0 . Byd
the well-known relationship between even order derivatives of characteris-
Ž 2 j.tic functions and even order moments of random vectors, E X exists1
Ž . j Ž2 j.Ž . Ž . w xand is equal to y1 w 0 if j F k. Equation 2.18 of 3 gives a formulad
Ž 2 j. Ž .for E X , from which 5 is immediate for this specific d. In particular, F1
Ž .has a finite moment of order 2k, and ii holds. Now let d be any positive
Ž .integer. By abuse of notation, let X s X , . . . , X 9 again denote the1 d
Ž5 5. disotropic random vector with characteristic function w x , x g R ,d
which can be represented by the independent product RU, as previously.
Ž 2 j. Ž 2 j. Ž 2 j.Then clearly, E X s E R E U , and this moment is finite if j F k.1 1
w x Ž . jFurthermore, Theorem 3.3 of 3 shows that is equals y1 times the
Ž .right-hand side of Eq. 5 . By the previous argument, now applied ¤ice
Ž2 j. Ž . Ž . Ž . Ž .¤ersa, w 0 exists for j s 0, 1, . . . , k and 5 holds. Thus, i implies iid
Ž . Ž . Ž . Ž .and iii . Since i follows easily from ii or iii , the proof of the lemma is
complete.
Our second main tool is the montee. If w is a compactly supportedÂ
member of F , d G 3, thend
‘
Iw t s c uw u du, t G 0,Ž . Ž .H
t
w xis a compactly supported member of F 6, 7, 15 ; here, c is a constantdy2
Ž .such that Iw 0 s 1. Moreover, if k is a nonnegative integer and w is 2k
times differentiable at zero, then Iw is 2k q 2 times differentiable at zero.
Indeed, if k s 0, this is immediate, and if k G 1, note that
Ž .j Ž jy2. Ž jy1.Iw t s yc j y 1 w t q tw t 6Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Ž < <.for t G 0 and j s 2, . . . , 2k q 1. Since odd order derivatives of Iw t are
odd functions of a real argument,
Ž . Ž .2 kq2 2 kq1 y1< <Iw 0 s lim sign h Iw h y 0 hŽ . Ž . Ž . Ž . Ž .Ž .
h“0
Ž2 ky1. < < Ž2 k . < < y1s yc lim 2k sign h w h q hw h hŽ . Ž . Ž .Ž .
h“0
s yc 2k q 1 w Ž2 k . 0Ž . Ž .
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exists. The montee will be useful in showing that Theorem 1 is the bestÂ
possible; the turning bands operator and Lemma 3 play key roles in
proving Theorems 1 and 2.
3. PROOF OF THEOREM 1 AND ITS COMPLETENESS
w xIn view of Lemma 3, Schoenberg's 11 classical arguments in the proof
of his Lemma 4 could be used to demonstrate Theorem 1. However, we
prefer a route which requires the lemma, too, but avoids the use of
asymptotic estimates of Bessel functions.
Proof of Theorem 1. Suppose w g F is 2k times differentiable atd
Ž .zero, and write w s w . We can then apply the turning bands operator 3d
wŽ . xto w . Repeating this d y 1 r2 times gives us an element w g F ord 1 1
w g F which is 2k times differentiable at zero by Lemma 3. Thus, it has2 2
Ž . w x2k continuous derivatives on 0, ‘ 17, p. 66; 4, Theorem 2.13 . This
Ž . wŽ . xcompletes the proof, because Eq. 3 shows that w has d y 1 r2 mored
Ž .continuous derivatives on 0, ‘ than w or w , respectively, has.1 2
Let us now discuss the completeness of Theorem 1. Given integers
d G 1 and k G 0, we need to find an element of F which is 2k timesd
wŽ . xdifferentiable at zero, and whose derivative of order 2k q d y 1 r2 q 1
Ž . w xis not continuous on 0, ‘ . The starting point is Pasenchenko's 10
Ž . Ž 1r2 .observation that w t s 1 y t , a function which is not differentiable2 q
Ž . Ž .at t s 1, is an element of F . The recursions 3 and 4 show that the2
Ž .function w t , n s 1, 2, . . . , which is associated with Pasenchenko's2 n
function w by the turning bands operator, is an element of F whose2 2 n
derivative of order n is discontinuous at t s 1. Then define
nq1t
c t s w t 1 y , n s 1, 2, . . . .Ž . Ž .2 n 2 n ž /2 q
Ž .nq1 ŽŽ .nq1 .Since the truncated power function 1 y t s max 1 y t , 0 is anq
w xelement of F 5 and F is closed under multiplication, c is a2 n 2 n 2 n
w xmember of F with support 0, 2 . Furthermore, Leibniz' rule shows that2 n
its derivative of order n is discontinuous at t s 1. To conclude the
construction, we apply the montee and defineÂ
c t s I kc t , t G 0, n s 1, 2, . . . , k s 0, 1, . . . , n y 1.Ž . Ž .2 n , k 2 n
By the results of the previous section, c is an element of F with2 n, k 2 ny2 k
Ž .2k derivatives at zero. Furthermore, Eq. 6 and the properties of c2 n
Žkqn.Ž .show that c t is discontinuous at t s 1. Rephrased in terms of an2 n, k
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even integer d G 2, we have found an element of F which is 2k timesd
wŽ . xdifferentiable at zero, and whose derivative of order 2k q d y 1 r2 q 1
is discontinuous, as desired. Clearly, this function is also a member of
F = F . We have shown that Theorem 1 is the best possible under thedy1 d
given assumptions.
Our application of the montee is in analogy to the neat construction ofÂ
w x Ž .Wendland 15 . If d is odd, Wendland's function c t is akq Ždq1.r2, k
compactly supported element of F which is 2k times differentiable atd
wŽ . xt s 0 and whose derivative of order 2k q d y 1 r2 q 1 is discontinuous
at t s 1. However, his construction does not prove the completeness of
w xTheorem 1 if d is even. In fact, in a very recent paper Wendland 16
shows that if w is a cut-off polynomial then a sharper version of Theorem
wŽ . x w x1 holds with 2k q d y 1 r2 replaced by 2k q dr2 . Finally, we refer to
w xSchwartz 12 for asymptotic estimates and Lipschitz conditions on the
w xderivatives of radial positive definite functions and to Trebels 14 for a
w xdiscussion of fractional derivatives. Schwartz 12, p. 507 states that if
w g F , thend
w Ž j. t s o tyj as t “ ‘ 7Ž . Ž . Ž .
wŽ . xfor j s 0, 1, . . . , d y 1 r2 , except if j s 0 and the probability measure F
Ž . Ž .in the representation 1 has a point mass at zero, or if j s d y 1 r2 and
Ž j.Ž . Ž y j.F is singular, in which case w t s O t as t “ ‘. Since
Ž . Ž . Ž 4. Ž .lim w t s lim w t s F 0 in the recursion 3 unless d s 3t “‘ dy2 t “‘ d
and F has point mass away from zero, the turning bands operator provides
Ž .an elegant proof of the asymptotic estimate 7 . The details are left to the
reader.
4. BACKGROUND AND PROOF OF THEOREM 2
Given w g F , let X be the stationary and isotropic Gaussian randomd
d Ž5 5.field on R with zero mean, unit variance, and correlation function w ? .
Ž .Denote by C the d y 1 -dimensional volume of its sample contour atL
level L in a bounded domain of unit volume in R d, and define C* s
‘ w xH C dL. Switzer 13 showed that if w is four times differentiable aty‘ L
zero, then
G 1r2 G d q 1 r2Ž . Ž .Ž . 1r2< <w xE C* s w0 0 .Ž .X G dr2Ž .
< Ž . <Hence, w0 0 can be considered as a smoothness measure for the random
Ž . dfield X. Let Y h at each h g R be the random integral or local average
Y h s c X h q ¤ dm ¤ 8Ž . Ž . Ž . Ž .H
Ž .B dd
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Ž .where B d is the d-dimensional ball of radius d centered at the origind
and c is a constant such that the marginal distribution of Y has unit
variance. Under the previous assumptions on X, the moving average Y
will be stationary, isotropic, and Gaussian with zero mean and a smooth
Ž5 5.correlation function w ? . Thus, w is a member of F , and the ratioY Y d
< Y Ž . Ž . <w 0 rw0 0 is immediately interpretable as a ratio of smoothness mea-Y
w xsures. Switzer 13 showed that
2Y Ž i¤ . < <w 0 1 w 0 y 3dr d q 2 w0 0Ž . Ž . Ž . Ž .Ž .Y 2 4s 1 y d q O dŽ .½ 5< <w0 0 6 w0 0Ž . Ž .
Ž .and conjectured that 2 holds. If this were not true, Switzer's smoothness
measure would consider the local average rougher than the original
random function, to order d 2. Theorem 2 excludes this case.
Ž .Proof of Theorem 2. Recall that w is of the form 1 for some probabil-
w . Ž i¤ .Ž .ity measure F on 0, ‘ . Since w 0 exists, we can apply Lemma 3 with
Ž .k s 2, and Eq. 5 shows that
1
2w0 0 s y r dF rŽ . Ž .Hd w .0, ‘
and
3
Ž i¤ . 4w 0 s r dF r .Ž . Ž .Hd d q 2Ž . w .0, ‘
Ž .By the Schwarz inequality, 2 holds with equality if and only if F is a point
measure. The proof is complete.
Ž .It is interesting and perhaps surprising that equality can occur in 2 . For
the corresponding random field X, the moving average Y is not smoother
than the original random function, to order d 2. In particular, if d s 1 and
Ž .X has correlation function cos r t , t g R, a straightforward calculation0
Ž .based on 8 shows that the moving average Y has the same correlation
function. The original random function is already so smooth that local
averaging does not lead to any further gain in the smoothness of the
realizations.
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